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1. Introduction 



The scattering amplitudes of N = 4 super Yang-Mills theory exhibit many hidden struc- 
tures [1] which are related to type IIB string theory on AdS§ x S 5 through the AdSs/CFT4 
duality [2]. For example, if one uses the momenta of a given scattering amplitude to define 
points in a dual space via pi = Xi — Xi+i, then it turns out that the scattering amplitude 
is related to a light-like polygonal Wilson loop whose cusps are located at the dual points 
Xi. This duality was first proposed at strong coupling as a consequence of the self-T-duality 
of type IIB string theory on AdSsxS 5 [3]. Remarkably, this duality also holds at weak cou- 
pling [4, 5, 6], albeit between light-like polygonal Wilson loops and planar MHV amplitudes. 
Since the Wilson loop in M = 4 super Yang-Mills enjoys conformal symmetry, the duality 
implies a hidden dual conformal symmetry of the scattering amplitudes which is inequivalent 
to the original conformal symmetry. Furthermore, once the amplitudes are written in a dual 
chiral superspace, dual superconformal invariance becomes manifest [7, 8]. 

The presence of dual superconformal symmetry in N = 4 sYM is intimately related to its 
integrability. In particular, by commuting the original and dual superconformal symmetries, 
one can generate an infinite set of classical symmetries which obey a nonabelian aglebra 
called the Yangian [9, 10]. The original superconformal symmetry generators correspond 
to the level-0 Yangian generators and the dual superconformal symmetry generators provide 
part of the level- 1 Yangian generators. The infinite set of charges that give rise to Yangian 
symmetry was first discovered at strong coupling in the sigma model framework [11]. One of 
the most important consequences of Yangian symmetry is that the spectrum of long single- 
trace operators can be computed to arbitrary order in the 't Hooft coupling in the planar 
limit using an all- loop Bethe-ansatz [12]. 

The three-dimensional superconformal Chern-Simons theory recently discovered by Aharony, 
Bergman, Jafferis, and Maldacena (ABJM) is also believed to be integrable. This theory has 
0<Sp(6|4) superconformal symmetry and U(N) x U(N) gauge symmetry. When k <C N <C fc 5 
(where k is the Chern-Simons level), it is dual to type IIA string theory on AdS^ x CP 3 [13]. 
Classical integrability was demonstrated on the string theory side [14], the planar dilatation 
operator in the gauge theory side was shown to be integrable up to six loops [15], and an 
all- loop Bethe ansatz was proposed in [16]. On the other hand, a discrepancy was found 
between string theory calculations and the all- loop Bethe ansatz [17] 1 and there are very 
few results regarding Yangian symmetry of scattering amplitudes. Indeed, it was only until 
recently that the spinor helicity formalism was developed for three dimensions and applied to 
various superconformal theories [21, 22, 23]. In particular the authors of [22] demonstrated 
that the four and six-point tree-level amplitudes of the ABJM theory are Yangian invariant. 
From our experience with Yangian symmetry in J\f = 4 SYM, it is then natural to ask if 
the Yangian symmetry can be traced back to a hidden dual superconformal symmetry of the 
amplitudes. 

1 Note that several ways to resolve this discrepancy were proposed in [18, 19, 20]. 



- 2 - 



A related question is whether the ABJM theory exhibits a duality relating scattering 
amplitudes to null-polygonal Wilson loops, since this would also imply dual superconformal 
symmetry. The four-cusp null-polygonal Wilson loop was computed to two loops in [24], 
where it was shown that the one-loop contribution vanishes and the two loop contribution 
has the same form as the one-loop correction to the four-cusp null-polygonal Wilson loop of 
J\f = 4 sYM. Although the two-loop correction to the four-point ABJM amplitude hasn't been 
calculated, the one- loop result trivially agrees with that of the four-cusp Wilson loop [21]. 

In N = 4 SYM, the Wilson- loop/amplitude duality is a consequence of the fact that 
type IIB string theory on AdSs x S 5 is self-dual after performing T-dualities along the transla- 
tional directions of AdS$ and fermionic T-duality transformations which restore the Ramond- 
Ramond and dilaton fields to their original values (without altering the background met- 
ric) [25]. This set of dualities exchanges dual superconformal symmetry with ordinary super- 
conformal symmetry [26]. A similar analysis for type IIA string theory in AdS4xCP 3 leads 
to the conclusion that if one only T-dualizes the three translational directions of AdS±, it is 
not possible to T-dualize the fermionic sector [27, 28]. 

In this note, we will demonstrate that the four-point and six-point tree-level amplitudes 
of the ABJM theory have OSp(6\A) dual superconformal symmetry. In doing so, we will 
discover that one has to enlarge the dual space to include three additional Grassmann-even 
coordinates in order to define the dual generators. The need for three new dual coordinates 
was first suggested by the analysis of the OSp{Q\A) algebra in [22]. Here, we express the dual 
coordinates in terms of the on-shell variables of the amplitudes and use them to construct the 
dual superconformal generators. These new coordinates are related to the dual R-symmetry 
and suggest that type IIA string theory on AdS± x CP 3 may be self-dual if one T-dualizes 
three directions in CP 3 in addition to the translational directions of AdS^. By matching the 
Killing vectors of CP 3 with the R-symmetry generators, we find that the directions in CP 3 
which need to be T-dualized are complex, so it not clear how to T-dualize these directions. 

We proceed as follows. In the next section, we review the construction of ABJM ampli- 
tudes using the spinor-helicity formalism. In sections 3 and 4 we show that the four-point 
amplitude satisfies dual conformal symmetry by translating from on-shell space, parameter- 
ized by (Af, r]f), to the dual superspace (xf 13 , 0f A ), where a = 1, 2, A = 1,2,3, and % 
labels each external particle. In section 5, we show that the dual conformal boost generator 
is equivalent to the momentum level- 1 generator of the Yangian algebra (when acting on on- 
shell amplitudes). It follows that the six-point amplitude also has dual conformal symmetry, 
since it was previously shown to have Yangian symmetry. 

In section 6, we attempt to define dual supersymmetry generators, and encounter a 
problem. The obstacle lies in the fact that half of the dual supersymmetry generators fail 
to commute with the equations that define the hypersurface in the dual space on which the 
amplitudes have support: 




x 



a/3 aB 
i+1 =Pi 
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The dual supersymmetry is "anomalous" in the sense that one cannot make all of the dual 
supersymmetry generators consistent with these constraints. We remedy this problem by 
introducing three new Grassmann-even coordinates: 

V AB _ AB _ AB _ A B 

These coordinates carry only R-symmetry indices and parameterize the half-coset SU(4)/U(3)+ 
The lower index + means that we are only considering the coset generators that are positively 
charged under the U(l) of the isotropy group. 2 

By extending the dual space to include these new coordinates, we are able to construct 
dual superconformal generators which commute with all of the hyperplane constraints. Fur- 
thermore, we show that the dual special supersymmetry and R-symmetry generators are 
equivalent to level- 1 Yangian generators when acting on on-shell amplitudes. Since the re- 
maining dual superconformal generators are trivially related to the ordinary superconformal 
generators, this implies that the four and six-point tree-level amplitudes of the ABJM theory 
are invariant under dual conformal symmetry (since they were already shown to be invariant 
under Yangian symmetry). 

In section 7 we analyze the implications of dual conformal invariance on loop amplitudes. 
Assuming that the planar loop-level amplitudes of ABJM have dual conformal symmetry 
prior to regularization (which was the case for most amplitudes in J\f = 4 super Yang- Mills 
[29, 30, 31, 4]), we find that the one- loop four-point amplitude must vanish (which is consistent 
with parity) and we obtain some two loop predictions. In section 8, we present our conclusions. 

2. ABJM amplitudes 

The ABJM theory is a three-dimensional twisted Chern-Simons theory with bi-fundamental 
matter. The field content consists of four complex scalars Z A and four Dirac fermions ipA 
transforming in the bi-fundamental representation of U(N) x U (N) (with A running from 
1 to 4), as well as two U(N) gauge fields and A^. The matter fields transform in the 
fundamental representation of the R-symmetry group SU(4:) and their adjoints transform in 
the anti-fundamental representation of SU (4) . The amplitudes of this theory can be expressed 
in terms of three-dimensional supertwistor variables. Here we give a short description of the 
spinor-helicity formalism in three dimensions, for detailed discussion see [21, 22, 23]. 

In three dimensions an on-shell null momentum can be expressed in bi-spinor notation 

as: 

pf=^M aP =^ (2.i) 

where a, {3 are the indices of spinors transforming as doublets under 50(2,1) = SL(2,R), 
and i labels the external legs. This gives three components due to the symmetrization of 
the spinor indices. The relationship between the spinor inner products and momentum inner 
products is 

{ij) = e aP K\^ (ij) 2 = -2 Pl - Pj . (2.2) 



2 The U(l) here refers to the one in U(3) which is not part of the SU(3). 
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Since A/"=6 is not maximal, the on-shell multiplet is contained in two superfields: 

Hv) = <t> 4 + f] A i>A + \^ABCTl A ri B <f + ^e A BCV A ri B V C ^4 

= ^ + f? A <^4 + ^e A BCV A V B i> C + gfABcrfrprffa. 

Although the R-symmetry group is SO(6)=SU(4), only the U(3) subgroup is manifest since 
the Grassmann variables r] A have U(3) indices, i.e. A = 1, 2, 3. The variables A and r/ can be 
viewed as half of the supertwistor in three dimensions, which transforms in the fundamental 
representation of OSp(6|4). We will refer to the space parameterized by (Aj, rji) as the on-shell 
space. 

Note that the three-point interactions of this theory contain gauge fields. Since these 
are Chern-Simons gauge fields, they contain no dynamical degrees of freedom. Hence, only 
amplitudes with an even number of legs are non-trivial on-shell. 

The four-point super amplitude reads: 

aAbjm (-i S 3 (P)d 6 (Q) _ <5 3 (P)<5 6 (Q) 

AA (1 ' 2 ' 3 ' 4) - (2,1)(1,4) (2,3>(3,4> ' (2 ' 3) 

where 

4 3 4 4 

5\P) = 5 3 £>), 5 6 (Q) = J] SCEKvMY, W)- (2-4) 

i A=l i i 

At four-point, the spinor inner products have the following relationships: 

(12) _ (23) _ (13) _ 
(34) " (14) " (42) " ±l - 

Using these relationships, the four-point amplitude can be written in a form similar to the 
one of AA=4 super Yang-Mills: 

j^abjm (1 234)= S 3 (P)5 6 (Q) 

V ' ' ' ' V<12)(23)(34)(41)" 

The six-point amplitude is an object with Grassmann degree nine and has been shown, 
along with the four-point amplitude, to possess Yangian symmetry [22]. 3 The Grassmann 
degree of an n-point amplitude can be determined by the requirement that the amplitude 
vanishes under the U(l) generator r A A = X^Li^g^r + |- Thus in ABJM, an n-point 
amplitude has Grassmann degree |n and one finds that for there are no MHV-like amplitudes 
for n > 4. In other words for n > 4 there are no amplitudes of the form: 

/W 6 (Q) (27) 

V(12)(23)-.(nl)' 



3 The form of the Yangian algebra along with the ordinary superconformal generators are given in appendix 
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3. The dual space 



The dual superconformal invariance of AA=4 super Yang-Mills amplitudes becomes mani- 
fest once one translates from the "on-shell space", parameterized by (77, A, A), to the "dual 
space" parameterized by (x,9,\) [8]. Here we begin with a similar transformation to dual 
coordinates: 

a(S _ a/3 _ a/3 _ a/3 _ >a ^ 
x i,i+l — x i x i+l ~ ri ~ A i A i 

Bf^x = 0t a ~ &t+i = Q? A = Kvt, (3.1) 

where x n+ \ = x±, 6 n +i = 6\. In these new coordinates, (super)momentum conservation is 
trivially satisfied. Note that {x, 6) should not be identified with the usual (super)space-time, 
since they would have incorrect mass dimensions. Eq.(3.1) defines a hyperplane within the 
full space (xi, 6i, Aj, r/j). The amplitudes have support on this hyperplane. One can translate 
from the dual coordinates back to the on-shell space via 

i-1 



a/3 _ a/3 

k=l 
i-1 

k=l 



J2 X k^k- (3-2) 



Note that x°^ and 6 Aa parameterize the ambiguity that arises from the fact that eqs.(3.1) 
are invariant under a constant shift in the dual coordinates. Furthermore, the hyperplane 
equations lead to the following relationships: 

(x M+1 ) V = 0, A, = = ^_ -, 

V 

oAa \ QAa \ 

*** lXia = o, v f = y + = . (3.3) 



I,/ 



Given (xi,9i), one can obtain all the other A's and r/'s. In particular, after fixing x\, the 
A coordinates can be determined using first relation in eq.(3.1). After solving for the A 
coordinates, the i] coordinates can then be determined using the last relation in eq.(3.3). At 
this stage, the superspace for J\f = 6 Chern-Simons theory can be summarized in figure 1. 
There is a similar picture for 4D jV=4 super Yang-Mills given in [8]. 

We now deduce the transformation properties of the full space under dual conformal 
transformations. The dual translation and part of the dual supersymmetry are trivial: 

n d n d 

i=l ux i i=l 
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Full space 



(eq.3.2) 



On-shell space 



a A 

h ili 




(eq.3.1) 



(eq.3.3) 



Dual space 

ap aA 



Figure 1: Summary of superspace for J\f — 6 Chern-Simons theory. In section 6, we will show that 
the dual space requires three additional Grassman-even coordinates. 



Note that these generators are consistent the hyperplane constraints in eq.(3.1). 4 Since the 
dual conformal boost generator can be obtained from the translation generator in combination 
with inversion, it is sufficient to know how the various variables transform under inversion. 
This information can be deduced by requiring compatibility of the known transformation 
rules 



X 2 



l\a/3 



m 



Am 



(3.5) 



with eq.(3.3). 

For later convenience, we first we note that 



I[(x. 



= (%i+x) -y( x i,i+l)~ 1P ( x i )p 
= ( x i ) ■y( x i,i+l)~ 1P ( x i+l)p ■ 

From the first line of eq.(3.3), one can then deduce that 



(3.6) 



(3.7) 



where ai is a proportionality constant. This constant can be fixed through the compatibility 
of the second relationship in the first line of eq.(3.3) with inversion: 



I[X 



(x 



1/3 A,; 



Thus we arrive at 



±y / (x i+ i) 2 (x i 



1 



a,- 



(x i+ i) 2 (xi 
{ x i)M>\ 

±vW) 2 fe) 2 

^^/(xi+i) 2 ^) 2 fV^+i) 2 ^) 2 



(3.8) 



17 



4 A11 dual generators are referred to using capital letters. 
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Note that this leads to 



(M + i> 



(3.9) 



Alternatively, eq.(3.9) can be derived using the following identification in three dimensions: 

(i, i + l) 2 = -2ki ■ k i+ i = -(x M+2 ) 2 

-(Xi,i+2) 2 



i[(i,i + iy] = i[-(x i , i+2 y] 



(x i+2 ) 2 {xi) 



2 ' 



(3.10) 



Note that the spinor inner product (ij) transforms covariantly under inversion only when 
i = j ± 1 . Therefore only these spinor inner products can be used to construct dual conformal 
objects. 

Finally, for the fermionic variable 77, one has: 



qAa \ 
7 y+l A ''+ la 

<«,* + !) 



x 2 



V f + (xr^9f p \ ic 



(3.11) 



4. Dual conformal symmetry of ABJM amplitudes 
4.1 Four-point amplitude 

Equipped with the transformation rules of various objects, we will now proceed to show that 
the four-point tree amplitude of the ABJM theory is dual conformal covariant. First we 
rewrite the four-point amplitude, derived in [22], in the dual space (x,8). Note that prior to 
the identification of x n+ \ = x\, n+ \ = 61, the hyperplane constraints imply that 

n n 

£ Af A? = xf - xf +1 , £ Xfrjf = 9? A - 1 • 
i=i i=i 

In the dual space the (super) momentum delta functions become 

n 4 

5 3 (J>) = b\x x - x n+l ), 5 6 (Y,rifK) = &\e 1 - 9 n+l ). (4.1) 

i=l t=l 

The inversion properties of the delta functions follow from the definition J d 3 xi5 3 (xi — x^) = 1 
and I[f d 3 Xl ] = f We then have: 

I[5 3 (x l -x 5 )] = x ( i5 3 (x l -x 5 ), l[5 6 (e l -9 5 )]=xf5 (i (e 1 -9 5 ), (4.2) 

where the inversion property of the fermionic delta function is derived from eq.(3.5) on the 
support of 5 3 {x\ — X5). Interestingly, in three dimensions, it is only for AA=6 that the mo- 
mentum and supermomentum delta functions combine to give an invariant under inversion. 
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This is in agreement with [22], where it was shown that Yangian invariance is only present 
for the A^=6 theory. 5 

The four-point amplitude can now be written as 

aAbjm _ -x 5 )5 6 (e 1 -fl 5 ) 

Its transformation property under inversion is straightforward: 



I[Af BJM ] = Ai BJM ^x\x\xlx\. (4.4) 
Note the similarity with jV=4 super Yang-Mills where one has 

I[A M ^\= A M r\x\x\x\x\). (4.5) 
This is not surprising since we can rewrite Af BJM as 

a abjm = ^{xi -x b )5 & {6i - gg) , 4 ^ 

' „2 Ijl 



x l,3\/ x 2,4 
while 

/i 4 — g 2 ' v 4 -'J 

Prom this, we see that the four-point tree amplitude is dual translation invariant and 
dual conformal boost covariant: 

1 n 

K a/S A ABJM = Ipa p IA ABJM = xf A% BJM . (4.8) 

i=l 

We anticipate this to hold for general amplitudes. In the section 5, we will show that the dual 
conformal boost generator is equivalent to a level-one generator of the Yangian symmetry. 
Since both the four- and six-point amplitudes were shown to have Yangian symmetry, this 
implies that dual conformal invariance holds up to six-point at tree-level. 

4.2 Dual conformal invariance of general amplitudes 

The analysis of the four-point amplitude suggests the following behavior for general re-point 
amplitudes under dual inversion: 



-f[-<4-n] — (\J x\x\ ■ -Xn^j A n . 



(4.9) 



Note that if one factorizes the amplitudes as follows: 



_ 6*(xi - s„Wi - ft.) . . 



3 There is also Yangian symmetry in the Af=8 model [23], but it is only in a trivial sense. 
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the pre- factor will give rise to eq.(4.9) under inversion, so the remaining function must be 
invariant, 

I[R n ] = R n . (4.11) 

In addition, the pre-factor is invariant under the JW a P level-one generator of the Yangian 
symmetry (as pointed out in [22]). Therefore R n should be invariant under both JW a P and 
the dual conformal boost generator K a @ . Since this factorization is natural for both Yangian 
and dual conformal symmetry, this suggests that they are related. 
So far we have the following dual conformal building blocks: 

(M + l), 5 3 ( Xl -x n+1 ), 5 3 ( Xl -x n+1 ), 5\6 l -9 n+1 ). (4.12) 

Recall that an n-point amplitude has Grassmann degree ^ . Therefore for amplitudes higher 
than four-points, one needs to supplement the fermionic delta function with additional dual 
conformal objects which contain fermionic variables. Since I [A] oc A, I[x] oc x, and I [9] oc 9 
but I[rf\ gt rj, we will use A, 9, and x to construct dual conformal covariants. Noting that 
(i\ xa+i = Af (xi i+i) a /3 = 0, we see that the following objects are covariant under inversion 
in the dual space: 

(i\e h {i-l\9i. (4.13) 
Moreover, they can be generalized by inserting X ij S clS follows: 

(i| XijXjk...xi m 9 m , (i 1| XijXjk...xi m 9 m . (4.14) 

One can also write down an inversion covariant using two 9 , s: 

9 t 9i (4.15) 

which can be generalized by inserting follows: 

9iXijXjk...xi m 9 m . (4.16) 

Since 9 carries an SL(2) index, it is not possible to construct inversion covariants with more 
than two #'s except by taking products of the above covariants. 

Note that all of the objects above are manifestly invariant under dual translations 5xi = a. 
We therefore have an infinite set of dual conformal covariants. We can reduce this set by 
demanding invariance under half of the dual supersymmetry: 

It is not difficult to see that this constraint eliminates the covariants in eqs. (4. 13), (4. 15), and 
(4.16), but it still possible to construct objects using covariants in eq. (4.14). For example, 
using the identity •^pq^qt I ^pv^TQ I — ^? 

one sees that there are only four dual conformal 
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covariants with mass-dimension three that respect half of the dual supersymmetry: 



{p\ (%pq3jqr@r Xp r X rq 9 q -^qr^p) (4- 18) 

{p\ i^pqXq r 9 r + Xp r X r q9q + X qr 9p-^l) (4.19) 

{P 1| (XpqXq r 9 r + Xp T X r q6q -\- X qr 9p^ (4.20) 

(p - 1| (xpqx qr 9 r + x pr x r q9q + x 2 qr 9 p _i) A . (4.21) 



It may be possible to generalize these objects by introducing more x's between the A's and 
9's. This would require finding analogues of the identity x P qX qr + x pr x rq + x qr = which are 
0{x n ),n > 2. 

Using the covariants described above, it is straightforward to construct invariants that 
respect half of the dual supersymmetry. Consider the covariant in eq.(4.18), for example. We 
will refer to this object as ®p qr - A straightforward calculation shows that 

7[9^] = @ f=- (4.22) 

■^q-^ry ^p^p+l 

To form an invariant, one needs to cancel the factors in the denominator. This can be achieved 
by introducing the following objects: 

(i\xijx jk \k) = (i\xijXj( k+r) \k), I[(i\xijX jk \k)] = {AxtjX jk \k) ^^ (4.23) 

/y>2 /™2™,2 ™2 ™2 
j\f i t+l k x k+l 

Now consider the six-point superamplitude, which has Grassmann degree nine. Since six of 
these Grassmann degrees are contained in the fermionic delta function 5 6 (#i — 9 n+ \), the 
remaining three are then expected to have the form £ABC@pq r ®pqr®pqri whose inversion is 
given by 

I[e ABC Qi T ^ qr Q C p qr ] = I[5 3 (@pqr)} = ■ (4.24) 

The six-point amplitude can then be constructed from the dual conformal invariants of the 
form 

5 3 (®pqr)(q,q + l)(r,r + l) 
(p\xprX r q\q)(p\xp q x qr \r)x^ r {p,p + 1)' (p,p+ l) 3 (x2 r ) 3 ' 

As explained above, there are many other dual conformal building blocks one can construct, 
using the dual conformal covariants in eqs. (4.19-4.21), for example. It would be interesting 
to work out the explicit six-point amplitude in terms of dual conformal invariant objects that 
respect half of the supersymmetry. Instead, we proceed by showing that the dual conformal 
boost generator is equivalent to the level-one Yangian generator jW a P . 



S 3 (Q P qr) 
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5. The dual conformal boost generator and jW al3 

In this section, we construct the dual conformal boost generator in the space (x, A, 9, rj) and 
demonstrate that it matches the Yangian level-one generator J^ a P. Recall that all coordi- 
nates are independent in the full space, and the constraints in eq.(3.1) define hyperplanes 
in this space. Since the amplitudes have support on these hyperplanes, the dual generators 
must leave the constraint equations invariant. 6 

The dual translation generator takes the usual form, i.e. Q® a/3 . In appendix C, we 
obtain the dual conformal boost generator by observing how (x, A, 9, rj) transform under an 
inversion-translation-inversion in the dual space: 

IGI, G=-^. (5.1) 
For example, in (x, 9) space, we find that the dual conformal boost generator is given by 



n 



d 1 ^i n „AB) d 



dxf 2 * * QQp 

where the first term generates dual conformal boosts of x, the second term generates dual 
conformal boosts of 9, and A&A = A a P + A^ a . We can extend this definition to the on-shell 
superspace by adding terms so that it commutes with the hyperplane constraints modulo 
constraints [10]. Doing so gives 



- Z^ X i X i f)r~f5 + 9 X i °i ao A 1 + A \ X i A i p )X l +X i+l A 
i=l 



dxl s 1 2 ^ "< qqAi 1 4 yi dXJ ' i dXJ 

1 / ft B{a^) 9 B(a./3) 

4 V 1 l drJ 1+1 1 H 



\ W £b+«W£b)- ( 5 - 2 ) 



The normalization is due to x a ^ = x^ a and = \^ a ^y Indeed, one can check that 

eq.(5.2) preserves eq.(3.1). 

As argued in sec. (4.2), the amplitudes are covariant under K al3 : 

1 n 

K^A n = --C£xf)A n . (5.3) 

8=1 

One can derive this from our conjecture that the amplitudes transform as eq.(4.9) under 
inversion. Alternatively, this follows from the factorized form given in eq.(4.10). In particular, 
since R n is dual conformal invariant, K only acts on the string of spinor inner products. 
Noting that 



K a f*{ii + 1) =K a \l-xl lJ 

1 

2 



"i,i+2 



(5.4) 



6 While the generators should preserve the plane defined by the constraints, they are not subject to the 
constraints, i.e. q AT = 0. 
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gives 



K 



a/3 



n a/3 



V<12)(23)---(nl) 2 v /(l2)(23)---(nl)' 
and so we arrive at eq.(5.3). Therefore, under the redefined generator 



(5.5) 



(5.6) 



i=l 



we have K af) A n = 0. 

Now we will demonstrate that the dual conformal boost is equivalent to a level-one 
Yangian generator when acting on on-shell amplitudes. Since the amplitudes can be written 
purely in terms of (Aj,r/j), we only consider the part of the dual conformal boost generator 
which acts on this space. Thus we have 



K a/3 A n = 

n 



Ei 



x j{a X l3)J_ +x j(a x P) d 



d\l J + 4 



+ 2 Xi 



a/3 



Next, we trade x and 6 for A and i] using 

i-l 



i-l 



a/3 
X ■ = X 



k=l 



k=l 



(5.7) 



In this way, all of the dual coordinates can be replaced except x\ and 9\, however the terms 
containing these variables take the form 



it 



1 7(" x /3) d l a B ( a \P) 



i 



i=i 

X-i 



d n a {3 



(5.8) 



Since m, q, d are the usual Lorentz, supersymmetry, and dilatation generators under which 
the amplitudes are invariant, these terms vanish on the amplitudes. The remaining terms, 
which we denote as K' a @ , are 



A' 



'a/3 



E 

i=l 



\fc=i * fc=i * / 



4 

i-l 



i-l 



\k=l 



k=l 



(5.9) 
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To relate this object to a level-one generator, we will write it in terms of the ordinary super- 
conformal generators given in appendix B: 

\ E^-? 7 + & M ~ 1/2)) + \pf a {mf 7 + 7 (d, - 1/2)) 



K 



'a/3 



E 

i=i 

i-1 



k=l 



1 Z 3 ) , 1 B (" /3) ( 1 a/3 

9 L^ q iB + 79i ?iB + o 2^ 



fe=l 



fe=l 



1 n 



n 



i=l 



At this point, it's convenient to add the following term (which vanishes on amplitudes): 



fc=i 



nJ 



(5.10) 



We finally arrive at 



1 n 

+ AK^ = -\Y, [ P l (a (mP 7 + 7 *) + - (i fc)] (5.11 



which is indeed the level-one generator jW"^ given in [22]. 



6. Dual superconformal generators and new dual coordinates 
6.1 The new dual coordinates y AB 

Now that we have established dual conformal symmetry, we would like to extend this to dual 
OSp(6|4) superconformal symmetry by constructing M = 6 dual supersymmetry generators. 
If we follow what was done for N = 4 super Yang-Mills, however, we immediately encounter 
a difficulty: half of the supercharges are inconsistent with the constraints in eq.(3.1). By 
analogy with AA=4 super Yang-Mills, the dual supersymmetry generators should be defined 
as 



qaol = E 







1=1 

n 



QQAa ' 



Qa 







^ i dx ap 2 " dXf 
i=l ux i i 



(6.1) 
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The first supersymmetry charge preserves both conditions in eq.(3.1), and generates the 
transformation in eq.(4.17). On the other hand, while the second charge preserves the x- 
space constraint, it violates the #-space constraint: 

Q^-0 m )^ = O, QiX^f = ^WV0. (6.2) 

With a little thought, one can see that there are no terms which can be added to Q A to cancel 
this "anomaly". 

Note that the anomaly encountered above is proportional to the single site generator 
r f B = vfvf- When summed over all i, this gives a generator of the SU(4) R-symmetry. 
This suggests that we should introduce three Grassmann-even coordinates in the dual space 
which correspond to the generator r AB , just like x a ^ corresponds to p a ^ , and Aa correspond 
to q Aa . Hence we introduce three Grassmann-even coordinates, y AB = —y BA , A = 1,2,3, 
which are related to the on-shell twistor space as follows: 

ytf + x = yf B -yli = ritr,F. (6.3) 

Note that these coordinate satisfy the following pseudo light-like condition: 

= AW = 0. (6.4) 

We call it pseudo since there are no invariant tensors to contract the indices to form a scalar. 

Before we demonstrate that these coordinates enable us to construct the remaining dual 
superconformal generators, we give two arguments for their existence and their dependence 
on the rj A s. We note that their existence has already been suggested in [22]. 

• If we didn't have the coordinates Aa , Q\ would only contain the second term in eq.(6.1) 
and would therefore violate the x-space constraint: 

Q aA ( Xi - x i+1 f = 0, Q^Af X] = ^IVAjV 0. (6.5) 

Note that the "anomaly" in this case is the site generator for supersymmetry, qi = 
T]f\f. The resolution is to introduce a set of new coordinates 9 Aa and a new constraint 
equation for these coordinates, notably the second constraint in eq.(3.1). With these 
new coordinates, the charge Q Aa can then be modified to take the form in eq.(6.1) so 
that the x-space constraint will be preserved. In principle, introducing new constraints 
may generate new "anomalies" which can only be removed by introducing another set 
of new coordinates. The hope is that this process will terminate at some point. Luckily 
it does. 

• Another hint which motivates introducing the y coordinates is provided by the structure 
of a fermionic level-one generator derived in [22] : 

j(l)aA = ^A {m a ^ + §a ^ + g a ^BA _ g *B ^ g _ ^ _ ( - „ ^ ( g g } 

i<j 
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When written in on-shell superspace, the term qf Bff A takes the form 

q?Br fA = X «JL 7] B r} A ^ 

The only way this term can correspond to a dual superconformal generator is if one 
introduces the y parameter. In particular, it should correspond to a generator of the 
form 

d_ 



V? B K£n- (6-8) 



After introducing the new coordinates, we alter the second supercharge as follows: 

0* A = Vfl A? — + -7i A — + - V AB -^— (6 9) 

2-s°i dx f + 2 Vl d\f 2 Vt oef a ' [ ' 

Now it is straightforward to see that the hyperplane constraint is preserved 7 

qr a A {6i - 6 l+1 ) B ? = Q* A \^f = \b^Uf. (6.10) 

Furthermore, the y-space constraint is also preserved and so no other additional coordinates 
are needed. Note that the y-space constraint must be respected by all generators. This 
implies the following deformation of the dual conformal boost generator: 

^=^ + ^«f ( f^ (6-H) 

Since the new terms do not act on the on-shell space, the dual conformal boost generator is 
still equivalent to a level-one Yangian generator when acting on on-shell amplitudes. 

The appearance of R-coordinates like y AB in the superconformal generators is natural for 
non-chiral superspaces. For example, in four-dimensional N = 2 harmonic superspace [33], 
the conformal boost generator also has a term containing R-coordinates, and this term has 
the same form as the additional term in eq.(6.11). 8 Since chiral superspace does not exist in 
three dimensions, one should expect R-coordinates to play some role in the superconformal 
algebra. 

So far we've been able to construct the dual generators K* a/3 , Q*" 4 , Q a A, P a ^ (which all 
leave the hyperplane constraints invariant). This is sufficient to generate the entire OSp(6|4) 
dual superconformal algebra. Note that when acting on amplitudes written in terms of the on- 
shell space, the generators Q a A and P al3 trivially vanish while Q^ A is equivalent to the original 
special supersymmetry generator s A . Hence only the vanishing of K* a @ on the amplitudes 



7 Note that the full space is now (ar, 9, y, A, nf). Although eq.(6.3) defines a hyperplane, all variables are taken 
be independent in the full space. In particular, g Ab — 0. 
8 We thank E. Sokatchev for pointing this out. 
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provides a new constraint, which we've shown is satisfied because K* a @ is equivalent to the 
level-one generator jW"^ . 

It is interesting to see which of the remaining dual superconformal generators imply new 
constraints, and if the "non-trivial" generators are all equivalent to level-one generators. Since 
Q*J^ is equivalent to s A when restricted to the on-shell space, one can deduce that 



[K*^,Q* A ] 



J^ aA , (6.12) 



where \ os means the generator is restricted to on-shell space and S* aA = S aA + Yli=l ®f A - 
Thus one concludes that S* aA implies a new constraint and matches the level-one generator 
j( 1 ) aA when acting on on-shell amplitudes. Using similar arguments, one finds that 

1- £U \os = qa 

2. R AB L = jW AB 

since {S aA , Q B } \ os = [J^ aA , s B ] = 5%R AB \ os 

3 - Rab = ^ab 

4. R A B \os = r A B 

5. M a p\ os = m a (3 

6. D\ os = d . 

Thus the non-trivial generators are {K* a P, S* Aa , R AB }, the generators which act trivially 
on the amplitudes are {P a p, Q a A, Rab}, and the remaining generators are equivalent to the 
original superconformal generators when restricted to the on-shell space. In section 6.3 we will 
explicitly match S aA \ os and J^ aA with the help of the y AB coordinates. There is a similar 
correspondence between the level-one generator jW AB and the dual R-symmetry generator 
R AB , which we demonstrate in appendix D. 

6.2 Geometric interpretation of new coordinates 

The coordinates y AB can be viewed as parameterizing the half-coset SU(4)/U(3) , . Half- 
cosets are constructed as follows [32]: first one takes a group G (here SU(4)) and mods out 
a certain subgroup Go (here the U(3)). Next one selects a U(l) generator from Go. The 
remaining generators in the coset can then be divided according to their charge with respect 
to the chosen U(l). In particular, the positively charged generators are denoted G + , and the 
negatively charged generators are denoted G_ . In our case, the three G + generators actually 
form an abelian subalgebra. 

Since the R-symmetry of the field theory corresponds to the isometries of CP 3 , eq (6.3) 
suggests that the y AB coordinates should be associated with three commuting Killing vectors 
in CP 3 . In Appendix E, we compute the Killing vectors of CP 3 and match them with the 
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R-symmetry generators which act on on-shell amplitudes (provided in Appendix D). The 
fact that type IIB string theory on AdS§ x 5 5 is self-dual after T-dualizing the directions 
corresponding to the dual (x, 6) coordinates of = 4 super Yang-Mills suggests that type 
IIA string theory on AdS^ x CP 3 should be self-dual if one performs T-dualities along the 
translational directions of AdS& as well as three-directions in CP 3 (note that a similar obser- 
vation was made in [22]). As we show in Appendix E, however, the Killing vectors of CP 3 
which correspond to the R-symmetry generators R AB are complex. As a result, it is not clear 
how to implement T-duality along these directions. 



6.3 Dual conformal supersymmetry and level-one generators 



The dual conformal supersymmetry generators can once again be constructed by requiring 
consistency with all the hyperplane constraints, or by combining inversion with the dual 
supersymmetry. In the end we obtain 



no 

O A 



S 



a A 



E 

i 
n 

E 



„af}_d_ + 26 aB_d_ 
lA0 ^ Q y BA 



jaBgPA 



d 
drj A ' 







a(S AB ® 
x i Vi 



2xfef 8 



+- 



(0 



+ 



naB \A 



+i)Vi 



d_ 



dxf 

d , a /3 



2y AB 9f 







Oy 



BC 



( X 7 P + x i+i)n 



i+U'h 



_d_ 



AB \ a 



-{ yi + y i+l ) Aa X 







B 



(6.13) 



Note that has a simpler form than S aA because it comes from commuting the dual 
conformal boost generator with Q a A, which is simpler than Q aA . 

Since the amplitudes are covariant with respect to K a @ (as shown in eq.(5.3)), we antic- 
ipate that they also satisfy 



S aA A n = -Y,0t A A n . (6.14) 

i=l 

We will show this is true by demonstrating that when one is restricted to the on-shell space 

g*ciA gaA _|_ ^ ^ Q^ lA jW aj>L 



i=l 



i.e. the dual super conformal generator is equivalent to the fermionic level-one generator given 
in eq.(6.6). Since the four and six-point tree- level amplitudes satisfy Yangian symmetry, it 
follows that they also have dual superconformal symmetry. 
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When restricted to on-shell space, S% is trivial while S* aA becomes 



o*aA 

' 2 



n 

El 



"Vi 0X7 dX- 



1 drjf 

We now follow steps similar to the ones we used to show that the dual conformal boost 
generator is equivalent to a level-one Yangian generator when acting on on-shell amplitudes. 
First we translate the dual coordinates xf , Aa , and y AB back to the on-shell space using 
eq.(3.1) and eq.(6.3). Once again, all of the dual coordinates can be removed except for the 
ones with i = 1. These terms are 

EnaBA 9 nPA, a 9 a/3 A 9 „.AB \ a 9 Aa , . 

^1 ^^"B - ^! A i^I _2; l Vi—-g-yi A i^~B+ y i ■ {b.lb) 
i=1 9rjf 9Af dXl 9rjf 

Since mf p + Spd = ^f^p + <^g| an d r ^ -B = vt~Q^B ~ \&bi we see that the above can be 
rewritten as 

Q{ B [-5 A (m a p + 6%d) + ^r£] - xfqf - y AB q%, (6.17) 

which vanishes on the amplitudes due to superconformal invariance. After doing so, we are 
left with 

n ( / i — 1 \ / i— 1 \ / i— 1 \ ^ 



E{- (EX* I [-to />+ w+^b] + (J>f) 4 + ^X>H 

- E 2 K B C-^ ( < /» + W + ^ - p ^ + r ^ Q *} • (fU8) 

i 

If we add the following term which vanishes on the amplitudes 

AS* aA = \{q PB [S^(m a p + 6%d) + 5<$r A B ] - p a ?s A + r AB q%) (6.19) 
then we obtain 

S* aA + ^S* aA = £ {gf « p + 8$*) - qfr A B - s A p P f + q a kB r BA -(•+**)} 

l<fc<j<n 

This is equal to — J^ aA . Hence, the fermionic level-one generator is equivalent to a dual 
conformal supersymmetry generator defined in the enlarged dual space (x,6,y). 

7. Implications for loop-level amplitudes 

Up to now, our focus has been on tree-level amplitudes. While the number of explicit examples 
of tree-level amplitudes is small, results for loop-level amplitudes are even more limited. 
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\ 




Figure 2: Possible one-loop four-point integrals. 



With the recent construction of tree- level four and six-point super amplitudes, however, it 
may now be feasible to study the structure of loop amplitudes utilizing generalized unitarity 
methods [34]. Here we will simply assume that dual conformal invariance holds at loop-level, 
meaning that loop-level amplitudes can be written in terms of integrals whose representation 
in dual coordinates is conformally invariant. Note that this discussion is prior to using any 
regularization scheme, after which conformal symmetry is broken. Hence the integrals are 
really "pseudo" conformal integrals. Again, since we do not have explicit computations of 
ABJM loop amplitudes beyond the one-loop correction to the four-point amplitude (which 
vanishes), this section is purely conjectural. 

For AA=4 super Yang-Mills, it was observed in [29, 30, 31, 4] that the integrals which 
contribute to off-shell loop-level amplitudes are mostly "pseudo" conformal integrals when 
translated to dual position space. Off-shell means that the momenta of the external lines are 
massive, i.e. k\ / 0. This allows one to avoid infrared singularities while staying in D = 4, 
and thus makes the discussion of dual conformal invariance sensible. Assuming this is also 
true for ABJM, we investigate which integrals should contribute under the constraint of dual 
conformal invariance. 

Let's first consider the one-loop four-point case. As an illustration, we discuss "pseudo" 
dual conformal invariance of the one-loop box diagram in fig. (2). When written in the dual 
x space, this amplitude takes the form: 



Since the integral is manifestly translationally invariant, we only need to verify that it is 
invariant under inversion in order to establish dual conformal invariance. This will be true if 
the inversion "weight" for each coordinate Xi sums to zero. For the box diagram in fig. (2), the 
inversion weight for x§ is only zero if D = 4. For D=3, we need three propagators to cancel 
the weight of the integration measure, so our only remaining option is the triangle diagram 





Under inversion we have 
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in fig. (2). Unfortunately, the weight coming from the external vertices xx,x^,X4, cannot be 
canceled. 

Prom this analysis, we can deduce rules for constructing dual conformal integrals. Given 
a loop diagram, we add points corresponding to positions in dual space, solid reds lines 
corresponding to propagators in the dual-space integral, and dashed blue lines corresponding 
to numerators in the dual-space integral. If a solid red line connects dual positions i and 
j, this corresponds to a factor of \- in the dual-space integral, while a blue dashed line 

represents a factor of xj-. We then integrate over the dual coordinates that correspond to 
loop momenta (which happen to be x§ in our example). The integral has dual conformal 
invariance if its diagram has the following properties: 

• There are three more red lines than blue lines attached to each loop momentum coor- 
dinate. 

• There are an equal number of red and blue lines attached to each external coordinate. 

In our example, the external coordinates are {x\, X2, £3, X4). From these rules, we see that it 
is not possible to write down a dual conformal integral for the one-loop four-point amplitude 
in three dimensions. This is consistent with the observation that the one-loop amplitude in 
mass-deformed 3D Chern-Simons theories is zero [21], and is simply a consequence of parity 
invariance. Under a parity transformation, the Chern-Simons level k goes to —k [35]. Hence 
all odd-loop corrections should vanish. 

At two loops, there are several integrals one can write down. We list them below: 

• A 



• B 




x 3 
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c 



D 



4 2 

d 3 x 5 d 3 x 6 - 2:13X42 



,.— rY* 2 ,Tn2 -,--.2 /-y»2 -y>2 

x 51 x 53 x 54 x 61 x 63 x 62 




d 3 X<o(i?X%- 



^y>2 ™2 

x 13 x 42 



/y> 2 ™ 2 ,^1 2 ™ 2 ,yi2 
x 56 x 53 x 54 x 61 x 62 



(7.4) 



(7.5) 




4 2 2 
x 13 x 52 x 64 



/y2 ,>i 2 „, 2 ,-vt 2 ™2 ™ 2 ,-y>2 
x 51 x 56 x 53 x 54 x 61 x 62 x 63 



(7.6) 



Let's look at diagram A and consider it's divergence structure. In order to extract the 
leading divergence, we let X5 and xq approach x\ and write X5 = x\ + pi and xq = x\ + pa- 
In this limit, the integral reduces to 

p\dp x p\dp 2 

PIP2KP1 - Pi) 

which is logarithmically divergent. Similarly, for diagrams B-D one finds 

p\dp\p\dp2 



D 



C 



D 



(x 5 ,x 6 -> Xl) 



( x 5 



Xi, Xq 



2 2 
PlP2 

p\dpxp\dp 2 

2 2 ■ 
PIP2 

p\pi(pi-P2r {X5 > X6 ^ xi) - 



(7.7) 



Thus only the integrals B and C are finite. In AA=4 super Yang-Mills, it was noted that 
among the "pseudo" conformal integrals, only those which are finite off-shell contribute [4]. 
Note that since we are off-shell, divergences cannot be attributed to infrared singularities. 
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In principle, there is nothing wrong with divergent off-shell integrals, since in the end 
one studies dimensionally regulated on-shell amplitudes. For example, after going back on- 
shell and regularizing, integral A actually has the same structure as the four-cusp light-like 
Wilson- loop of pure Chern-Simons theory computed in [24]. 9 Assuming that dual conformal 
symmetry is a well defined property for ABJM theory at loop-level, the dual conformal 
invariance should be well-defined off-shell, i.e. there should be no off-shell divergences. Hence, 
only diagrams B and C should contribute to the two-loop four-point amplitude. 

Let's consider the two finite integrals more closely. They have the following form: 



where the integral in the parenthesis indicates the on-shell infrared divergence. Since Diagram 
C has worse-than-logarithmic divergence, it requires careful treatment in dimensional regular- 

ization. Another possibility is to introduce a Yang-Mills term as a regulator, J 2g2 M " , since 

the dimensionful constant g will serve as a cut off [36] . Note that this alters the form of the 
gauge boson propagator. This is reminiscent of the computation of the two-loop correction to 
the four-cusp light-like Wilson loop in ABJM [24], where the one- loop correction to the gauge 
boson propagator causes it to take on the form of an ordinary Yang-Mills propagator. For this 
reason, the two-loop correction to four-cusp Wilson loop of ABJM has the same functional 
form as the one- loop correction to the four-cusp Wilson loop of M = 4 super Yang-Mills. 10 

8. Conclusions 

In this paper, we demonstrate that the Yangian invariance of the four and six-point tree- 
level amplitudes of ABJM implies a hidden OSp(6\4) dual superconformal symmetry for 
these amplitudes. In order to establish this symmetry, we had to augment the dual space 
by three additional Grassmann-even coordinates, y AB , which parameterize the half-coset 
SU(4)/U(3)+. Since the generators from this half-coset form an abelian subalgebra, this 
corresponds to three abelian isometries of CP 3 . The need for three additional dual coordinates 
was first suggested in [22]. 

One way to motivate the introduction of additional coordinates is to note that in N = 4 
super Yang-Mills, the dual coordinates can be matched with the dual superconformal gener- 
ators which are not trivially related to the ordinary superconformal generators, notably the 
dual conformal boost and the dual special supersymmetry generators: 




(7.8) 



N = 4 sYM : x a6t -> K' 



S' 



•al 



(8.1) 



9 



We thank Ilmo Sung for pointing this out. 
We thank Tristan McLoughlin for discussion on this point. 
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In three dimensions, this logic implies that one should also have dual coordinates correspond- 
ing to the dual R-symmetry generators R AB since these generators are not trivially related 
to the superconformal generators: 

ABJM : x a ? -> K a ?, 8 aA -> S aA , y AB -> R AB . (8.2) 

Another way to motivate the need for new dual coordinates is to note that in = 4 super 
Yang-Mills, the dual space is essentially the N = 4 on-shell chiral superspace. On the other 
hand, there is no chirality in three dimensions, so the only way to construct an on-shell space 
is to truncate with respect to the R- indices. Any covariant truncation would then require the 
introduction of some auxiliary variables parameterizing some subgroup of the R-symmetry 
group. While the introduction of R coordinates is usually related to the construction of off- 
shell superspace, they appear inside delta functions in on-shell amplitudes. For example in 
the M = 4 projective superspace, the four-point amplitude implicitly contains a delta function 
on the auxiliary coordinates [37]. 

Note that type IIB string theory on AdS§ x S 5 is self-dual if one performs T-dualities along 
the directions corresponding to the dual x and coordinates of AA = 4 super Yang-Mills. This 
suggests that type IIA string theory on AdS^ x CP 3 might be self-dual if one performs bosonic 
T-dualities along three directions in CP 3 in addition to the three translational directions 
of AdS^. A similar suggestion was also made in [22]. Various groups have found that it 
is not possible to T-dualize the fermionic sector of the theory if one only T-dualizes the 
translational directions of AdS± [27, 28]. In retrospect, it is difficult to see how the string 
theory background could be self-dual if one only T-dualizes three bosonic directions since 
an odd number of bosonic T-dualities would map a IIA background into a IIB background. 
From this point of view, it seems more natural to include three T-dualities in CP 3 since this 
would give a total of six bosonic T-dualities. By matching the SU(4) R-symmetry generators 
with the Killing vectors of CP 3 , we find that the Killing vectors corresponding to the dual 
coordinates y AB are complex, so it is not clear how to T-dualize these directions. It would 
be very interesting to determine how to implement T-duality in CP 3 and ultimately how to 
define fermionic T-duality. 

Another interesting question is whether Yangian and dual superconformal symmetry hold 
beyond six-points at tree-level. One way to approach this issue is to construct a recursion 
equation and show that it preserves these symmetries. The most efficient recursion formula 
for theories in D>4 is the BCFW recursion relation [38]. It would also be very desirable to 
explicitly construct the two-loop four-point amplitude of the ABJM theory using unitarity 
methods [34] in order to see if "pseudo" dual conformal invariance is respected, and if there 
is a Wilson- loop/amplitude duality for this theory. 

During the completion of this paper, a manifestly superconformal invariant form of the 
amplitudes was proposed in [39] and checked against the known four-point result. It was also 
shown to be Yangian invariant. It would be very interesting to see how dual superconformal 
invariance is encoded in this formula. 
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A. Conventions 

We follow the conventions used in [22]. The SL(2,R) metric is 

— (- 1 ;)-"-(;o 1 )- 

The spinor contraction is implemented as: 

^ a Xa = ~^aX a , e pa A a = A p , e a ?Ap = A a , e Q % 7 = 5«. (A.2) 
One translates to the usual vector notation using the three-dimensional gamma matrices 

x aP = x^a^, x» = - l -{a») aP x a ^ (A.3) 



with 



One then has, 

(<r*) a p(o i ') af> = -V, KM<v)t<5 = e a ^ps + epytaS- (A.5) 
We list some useful identities: 

A [aP\ = A *P _ A P<* = _ e °^7 ^ ( A . 6 ) 

A{a/3} = A a/ 3 - Ap a = e^A 1 7 , (A. 7) 

x a ^x M = -x 2 5°, (A.8) 

where x 2 always represents x^Xa- 
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B. Ordinary superconformal and Yangian symmetry 



The ordinary superconformal generators of OSp(6|4) in the on-shell space are: 

p a/3 = x a x /3 

q Aa = X a r] A , q c X = \ a 9 



dr] A 

d d d 



QX a > drjA 

d d 



a/3 



All generators are implicitly summed over all external lines, i.e. g = Ysi=i9i- The Yangian 
algebra is generated by a set of level-zero and level-one generators 

j(0)a j(i)a satisfying 

4 0) } = f ab c 4 0) , m 4 0) ) = fa b c 4 1] , (B.i) 

where f a b c is the OSp(6|4) structure constant and the indices can be raised and lowered using 
the OSp(6\4:) metric provided in appendix F of [22]. For the ABJM theory, the level-zero 
generators were identified with the superconformal generators given above, while the level-one 
generators are given by a bi-local product of the above single-site generators (p^ , q^ a ,q?A, • • ■) 

l<i<j<n 



C. Dual conformal boost generators using inversion properties 

In the text, the dual conformal boost generator is derived from the requirement that it 
preserves the hyperplane-constraints. Alternatively, one can derive it by inspecting how the 
superspace variables transform under dual inversion, as we now describe. 

Let's begin by computing the dual conformal boost generator in the space (x, A). Recall 
that xf 13 , A" transforms under inversion as 

i[xf] = ^v, i[\f] = -^L. (c.i) 

lx2 i x l+i 
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The action of K^g is deduced from IP^sI = Yl™ I~J^sI'- 

i 

n a a/3 



J 

1 8^1 8^ x^jjXi ^ 
2~lg~ xf 



Using Xi-ysx^ = ( a Xis^ — hxfSySg , we see that 



(C.2) 



d 

i=l ° X i 



We now turn to the spinors: 



K 1& K = IJ2 



+ 



1 / \ a " \ 

1 / Xi^S Xi-i-iryfi \ X^ A{ 



1 



2 V X 



+ 



X f X i+l 



Using Xj 7 ^Af = -\ (8f s Xi~f) ' Xia + Xi^ a X iS ^j and x i+ i a/3 Af = x ia p\f, we see that 



(C.3) 



(C.4) 



Hence, 



K^sXf — - (xj( 7 a + x i+ i(j a ) Xis). 



X%^ XiS ^ n n fj "i" A (^1(7 "I - ^1+1(7 ) Aj 



3A„ C 



(C.5) 
(C.6) 



1=1 

which is the bosonic part of eq.(5.2). 

The analysis for the fermionic part of the dual conformal boost generator is similar. In 
particular, for the fermionic coordinates of the dual superspace we have 



ST- & X i nA 

U dxf A l " 



2V^ + ^f 



a/3" 



9 A 

1 iP 



~\~ Xi 



lAa 
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Using \x« h 6f s) = -\5^x lS) J?" + x h5 9 Aa we see that 



(C.7) 



Finally, let's consider the action of K^g on the fermionic coordinates of the on-shell 
superspace: 



-I 



E 







i dx^ 5 



2 / a/3 
x i I „A i Xj q a , 
~ — Vi H ij-f.-fl^i 



i+1 



2 u ip*ia 



(C.8) 



After taking derivatives, performing the inversion, and doing some algebra, one finds that 



a?? 



(C.9) 



Noting that (x i+ i - Xi) yS <qf = \ (d i+1 - 6^ A^) and x ia ^x iS )fiOfX^ = 2x^x^6 f a X^ 
x?6f,\s^ the above expression simplifies to 



Kysvt = j (fa + ^i+l)( 7 ^5)- 



(CIO) 



Combining eqs.(C.7,C.10), we see that the fermionic part of the dual conformal boost gener- 
ator is 



K. 



76 



E 

i=l 



1 







2 x i {-y u iS)QQAa + 4 ^ 



1 



+ ^i+l)( 7 ^iS) 



d 
drjf 



(C.ll) 



which matches the fermionic part of eq.(5.2). 



D. Dual R-symmetry and level-one generators 

By requiring all hyperplane equations to be conserved, one can deduce the dual R-symmetry 
generator R AB : 



R 



AB 



BD 







i=l 



8y 



CD 



2 f)0^ 



8 



dxf 13 



c ■ 



Note that this generator can be obtained from the dual K a @ by exchanging 



(D.l) 



(D.2) 



and changing signs whenever one switches from symmetrization to anti-symmetrization. Fol- 
lowing similar steps as in the main text, one arrives at the conclusion that it is the same as 
the level-one generator J^ AB : 



J (1)AB - E 4 A ^ B] + r C k [A nc B] -(i^k). 



(D.3) 



l<k<i<n 
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E. Killing vectors of CP 3 



The Killing vectors of CP™ are in one-to-one correspondence with the generators of SU(n+l). 
If we parameterize CP n using n+1 complex embedding coordinates z satisfying 



n+l 



■ Z 



(E.l) 



7=1 



then the Killing vectors can be derived from n(n+2) scalar functions defined on CP n . These 
functions are given by 



UJ.j 



E W)i 



J z T z\ 



(E.2) 



i,J 



where are the generators of SU(n + 1) in the fundamental representation [40]. The Killing 
vectors are then given by 

Kf = j* dm 

where J is the Kahler form. Note that J = dA where 



A 



-iz* ■ dz. 



Furthermore, the metric is 



ds 2 = dz ] -dz- A 2 . 
For CP 3 , the embedding coordinates are 



(E.3) 

(E.4) 
(E.5) 



cos£ sin (6/2) exp 



sin£ sin (6/2) exp 



z = cos ^ cos (6\/2) exp 

z 3 = sin^ cos (62/2) exp 

Plugging this into eq E.4 gives 

A = - (cos 6\ cos 2 £d(j)i + cos 62 sin 2 ^d(p2 + cos 2^dip) 

For more details about the geometry of CP 3 , see Appendix B of [20]. 
The generators of the fundamental representation of SU(4) are 

/0 1 0\ /0 -i 0\ j I 0\ 

1000 i -1 00 

0000 ' 2 " 0000 ' 3 ~ 0000 

\oooo/ \o 00/ \o 0/ 

/o o\ 



(i> + K 



Tl 



P4 



/0 -i 0\ 



1 
\0 0/ 



10 
10 
\0 0/ 



Pr 



/o o\ 

-i 
t 
\0 0/ 



1 

71 



/o 1 o\ 


10 
\0 0/ 

(1 o\ 

10 
0-20 
\00 0/ 
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T-i 



10 



/o l\ 




\1 0/ 

/o o o\ 





11 



/o o o\ 

1 

\0 1 0/ 



12 



Ti 3 



Ti 5 



1 

7! 



/o \ 
-i 

\0i0 / 

/l \ 

10 

10 
\0 -3/ 



f o o o -A 




\ i o o o y 

/o \ 
_ 
1 ' il4 ~ -i 

\ooioy yooioy 

Note that generators T\ to T§ generate an SU(S) subgroup of 577(4). Moreover, if we include 
T15 in this subalgebra, this generates a f7(3) subgroup. We can then construct the half- 
coset described in section 6.2 using generators Tg to T\±. In particular, K a = T\q + iTg, 
-^6 = 7"i2 +iT\\, and if c = T14 + 1T13, are positively charged under the U(l) charge yZf2T\^. 
Similarly, 7Q = T\q — iTg, K e = T\i — iT\\, and Kf = T\± — iT\$ are negatively charged. The 
half-coset SU(4)/U(3) + is therefore generated by K a ,Ki,, and K c . Using the formulas given 
above, the Killing vectors associated with these generators are 



Kb = exp 



4>2 - 2^) 



1 . 0i . 6 2 a 
- sm — sm — Of 

2 2 2 * 



i 9\ 62 

esc — csc — csc£ sec£ (cos (2£) (cos6>i + cos 0% — 2) + cos#i — cos O2) 

16 2 2 

^1 . fe, ^ .#1 02 , ta . i 01 . 02 , ta . i . 01 02 , 
+ cos — sm — tan toe, — sm — cos — cot Eon H — csc — sm — tan toU, H — sm — csc — cot fm, 
2 2 1 2 2 2 2 2 2 s< pi' 2 2 2 ^ 2 



K c = exp 



(01 + 4) 2 + 2iP) 



\ cos ^ sin ^-<9g + ^ sec ^ csc ^ (cot £ (cos Q\ + 1) + tan£ (cos 6> 2 - 1)) 
2 2 2 o 2 2 



. Vl . t>2 , ta Vl V2 , ta « "l . "2, M . ! fl #2 , ta 

— sm — sm — tan fog, — cos — cos — cot Eoa sec — sm — tanfoU, H — cos — csc — cot toU, 

2 2 1 2 2 s 2 2 2 2 pl 2 2 2 02 

Note that these vectors are complex. As a result, it is not clear how to T-dualize along these 
directions. 
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